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20] is presented. The resulting statistical source is shown to result in a good description 81 the far-field spectrum at 90 • . To overcome the shortcoming of LAA, that ignores effects of 82 propagation, a geometrical acoustics approximation is applied. The application of 83 geometrical acoustics is not new in jets, 21, 22, 23 but it is, to the authors best knowledge, for 84 the first time coupled to a source model based on the LAA to predict jet mixing noise 85 instead of just analyze aspects of it. Another way to compute the propagation effects is to 86 solve the adjoint formulation of the linearized Euler equations (LEE) using a finite 87 difference method (FDM) 24 . Using a FDM, however, increases the computational cost of 88 the overall prediction method as the FDM is expensive and known to generally require a 89 mesh of higher quality (finer and structured) than the RANS mesh. The ray tracing A. Source model 110 The starting point of the source model is the Lighthill equation 25 , as presented by 111 Ribner. 26 The far field spectrum can be written as
where r = |x| is the distance to the far-field observer, and x and y are, respectively, the 113 observer and source locations. The coordinate system (r, θ, ϕ) is shown in Fig. 1 . In
114
Eq.
(1), a 0 is the reference speed of sound, ρ is the mean fluid density, D f is the Doppler 115 factor (1 − M c cos θ), d ijkl is the tensor giving the quadrupolar directivity, Φ is the flow 116 factor (introduced in the next section), F denotes the Fourier transform, and I ijkl 117 represents the contribution from fourth-order velocity correlations.
118
The convective Mach number (M c ) is assumed to depend on the local Mach number 119 (U 1 /a) and the nozzle exit Mach number (M = U/a 0 ) and is given by 12
where U 1 is the local mean axial velocity, U the jet-exit velocity and a the local mean 121 sound speed.
122
The tensor I ijkl represents the contribution of the fourth-order velocity correlation 123 terms and is given by
property is evaluated at a different instant in time (separated by τ ) and different location 126 in space (separated by ξ ≡ {ξ 1 , ξ 2 , ξ 3 }).
127
Only the fluctuating velocities are considered as efficient sources of mixing noise, so 128 that Eq.
(3) can be written as
which is equivalent to the "self-noise" component as by Ribner. 26
Noting that ∂ 4 u i u j u k u l /∂τ 4 = 0 as u i u j and u k u l are independent of time separation
Again invoking the assumption of isotropic and locally homogeneous turbulence, the 139 spatial correlation term, R ij , takes the form 27
where f is a function of the separation vector ξ, and f = df /dξ. Among different 141
possibilities, 26 f is assumed here to take a Gaussian distribution form
where L is the length-scale at the source location.
143
With the substitution of Eqs. (8) and (9) in Eq. (7) and performing the integral over 144 the source region (ξ), the term I ijkl reduces to
where k is the local mean turbulent kinetic energy.
146
Here the directivity index ijkl is dropped to emphasize that the source is isotropic 147 due to the assumption of isotropic turbulence. Thus the far-field directivity is modeled by 148 the convective amplification given by D −5 f and refraction (presented in Section II.B). distribution form, as 
where Ω is the modified frequency
where α is an experimental parameter with value of 0.5. 12
155
The length-scale L can be calculated using parameters obtained from a RANS k − ε 156 simulation as 12,28
where c is an empirical constant and ε is the turbulent dissipation rate. The time-scale τ 0 158 takes the form
where c τ is an empirical constant.
160
Rewriting the length-scale in terms of the time-scale Eq. (12) takes the form
turbulence in the jet. Note that the coefficient c τ is in the definition of the time scale τ 0 ; so 163 even if the term c 3 /c 3 τ were combined as a single coefficient, c τ would still be needed for τ 0 . given by
where D is the nozzle diameter. Replacing τ 0 with τ 0 in Eq. (16) and inserting the result in 
In the following section the ray tracing solution of the sound propagation through the 170 jet flow is presented and the associated flow factor, Φ, is introduced. 
where n is the vector normal to the wavefront. It is possible to calculate the ray path by 
which can be written in the following form after some mathematical manipulation
where Ω = 1 − v · s. Equation (21) accounts for the slowness factor variation in space with 193 the mean velocity and sound speed field.
194
The ray-tracing equations can be written in the Cartesian coordinate system, 30 which 195 are represented by six ordinary differential equations that couple the ray position and the 196 slowness vector:
The above system is solved by integrating Eqs. (22) and (23) The ray tracing equations give no direct information about the acoustic pressure 205 amplitude. It is therefore necessary to resort to the concept of ray-tubes and conservation of energy which leads to the Blokhintzev invariant. 30, 31 The invariant shows that along a 207 given ray
where p is the acoustic pressure, V = |dx ray /dt| is the magnitude of the ray velocity vector 209 and A is the ray-tube area. Using Eq. (24) for a ray traced from the source location, y, to 210 the far-field observer, x, results in
which quantifies the change in the pressure amplitude along a given ray from the source 212 location to the far-field observer. However, this is not the amplitude change needed to 213 compute the flow factor Φ. The aim is to calculate the difference of pressure amplitude in 214 the far-field between a ray traced over a quiescent medium and traced over the jet mean 215 flow, both launched from the same source location. Hence, the flow factor used in our 216 methodology is defined as
where p 2
x,flow is evaluated at the observer location for a ray launched from y and traced 218 over the mean flow and p 2
x,quiescent is evaluated at the observer location with the ray 219 traced over a quiescent medium (i.e. a straight line between source and observer).
220
To compute Φ from Eq. (25) it is assumed that
and 222 A| y,flow = A| y,quiescent .
The flow factor can therefore be given by
The first fraction on the right hand side of Eq. (30) is evaluated using the ray tracing 224 solution and the flow information obtained from the RANS solution. The ray-tube area 225 ratio cannot be computed directly from the ray tracing solution and is approximated by 226 the ray density ratio in the far field.
227
To compute the ray density ratio, the far-field is represented as a spherical shell, 228 discretized in spatial elements (∼ 10 4 far-field bins for the results in this paper), and a large 229 number of rays (∼ 6 × 10 5 ) are launched from each source location within the jet flow. To 230 achieve a uniform spatial distribution, the far-field bins and the ray launching angles are by comparing its far-field location with the far-field bin coordinates. The number of rays 233 assigned to each far-field bin is summed as N flow for rays traced through the mean flow and 234 N quiescent when a quiescent medium is considered. Thus, Eq. (31) can be written as
The flow factor (Φ) must now be calculated for a finite number of source locations y section results for single-stream jets at different operating conditions will be presented and 241 discussed.
242

III. RESULTS AND COMPARISONS
243
The canonical circular single-stream jet has been extensively studied analytically, 244 numerically and experimentally. 15, 26, 29 . In this section, some aspects of the sound 245 generation of a circular single-stream jet at different operating conditions are presented and 246 discussed using the method developed in the previous section. A total number of twelve 247 operating conditions have been considered. They comprise three Mach numbers: M = 0.5, ratios: T R = 1.0, 1.5, 2.0 and 2.5 (where TR is the ratio between the jet-exit temperature 250 and the reference temperature of 288K in the surrounding medium). The nozzle in this 251 study is shown in Fig. 3 .
252
For each of the twelve cases, measurements of far-field spectra are available and a 253 corresponding CFD (Computational Fluid Dynamics) RANS k − ε solution is conducted.
254
The measurements of far-field noise were carried out in the Noise Test Facility (NTF) at 
so that y 1 /L w = 1 represents the end of potential core for a given M and T R. As known, providing good jet noise prediction, which will be discussed in the following subsections. 
C. Source location results
303
The source model developed in Section II can be used to study the distribution of the 304 sound sources in the jet plume. To do so, the volume integral in Eq. 18 is computed only in 305 the y 2 − y 3 plane so the contribution to the far-field noise from a slice of the jet is 306 computed as P slice (x, ω, y 1 ).
307 Figure 6 shows the results for an observer located at 90 • in the far-field. Different of the potential core length shown in Fig. 4 is considered, the peak in Fig. 6 moves closer 313 to the end of potential core). The collapsing of the results for the three different Mach 314 numbers is evidence that the source distribution is self-similar in frequency and space, with 315 the driving parameters being the Strouhal number for frequency and y 1 /L w for space. which is due to the rays entering the potential core of the jet, i.e. the rays that are not 346 being totally reflected. The potential core in this situation acts like a lens for these rays, shown to increase the level of refraction effects. The flow factor results over y 1 − y 2 planes 376 at different axial locations for an observer located at ϕ = 90 • and θ = 50 • are presented in Fig. 9 . The results clearly show that the refraction due to the sound-flow interaction in an 378 axisymmetric jet flow is not axisymmetric and the sources located on the opposite side of 379 the observer suffer more refraction effects. As observed in Fig. 8 , increasing the jet 380 temperature ratio increases the region of the jet affected by refraction, Fig. 9-b . the method will be discussed later.
389
Having shown that both the spectral behavior of the far-field noise at 90 • (Fig. 5 ) and 390 at different polar angles (Fig. 10) , and also the Flow Factor at different jet operating 391 conditions ( Figs. 7-9 ), we shall now study the overall sound pressure level (OASPL) for 392 polar angles in the range of 30 • -120 • , see Figs. 11 and 13. Figure 11 shows the OASPL 393 results for jets at M=0.5 and 0.75 at different temperature ratios (TR=1.0, 1.5, 2 and 2.5).
394
Results for a M = 0.5 jet show that the critical angle in the case of T R = 1 occurs at about 397 angles greater than the critical angle. The far-field noise comparisons for a M = 0.75 jet 398 also show that the model developed in this work is capable of predicting the OASPL very 399 accurately outside the zone of silence. It can also be seen from the experimental data that 400 the far-field noise is more sensitive to temperature ratio at low Mach numbers (M = 0.5), 401 and that the source and propagation models have managed to predict this effect well.
402
IV. CONCLUSIONS
403
In this paper an application of the Lighthill's Acoustic Analogy to model the sources 404 of jet mixing noise coupled to a ray tracing method to compute effects of refraction is 405 presented. The resulting method is a promising solution to quickly evaluate the noise 406 emitted by jets from arbitrary nozzle geometries. This is particularly desired in an 407 industrial context as it relies on standard RANS k − ε solution and makes no further 408 assumption about the flow. Despite the need of calibration with far-field measurements, 409 only two coefficients are needed instead of three as it is usually the case for similar methods 410 from the literature. The coefficients are fixed for isothermal jets in the subsonic regime, 411 however one of them needs to be changed with increasing temperature ratio; such need is 412 understood to result from the neglect of the enthalpy source arising in heated jets. 46
413
Results show that the method proposed in this paper captures well the contribution of high-frequency mean field flow-interaction effects in jets," Proceedings of the 20th 535 AIAA/CEAS Aeroacoustics Conference, AIAA Paper No. 2014 -2757 (2014 . 
